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Weyl Spinor and Solution of Massless Free Field
Equations
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The massless field equations for arbitrary spin in curved space-time are
reconsidered. The general solution of the field equation in Robertson—Walker
space-time that was previously determined is briefly discussed after explicitly
showing that the Weyl spinor vanishes. The case of the Lemaitre—Tolman—Bondi
space-time is studied in detail. The general expression of the corresponding Wey!
spinor is obtained and some particular situations exploited. The spin-3/2 and
spin-2 massless field equations are solved explicitly. The solutions are simplified
by the existence of nontrivial agebraic constraints. The angular part of the
equations is separated by the usua separation method and integrated directly.
The other equations that are not separated in the radial and time dependence are
reduced to a simple form. The results obtained are extended, as a consequence
of previous results, to the case of arbitrary spin. The solution of the general case
essentially reduces to the treatment of spin 3/2 and spin 2.

1. INTRODUCTION

The massless free field equations in curved space-time are of interest
not only on physical grounds, but also because the space-time curvature in
general implies restrictions on the field components. The object of this paper
is to find explicit solutions of the massless free field equations in concrete
examples of space-time. As usua, the Newman and Penrose (1962) spinorial
formalim is the best tool to formulate these equations. Accordingly, the
massless free field equations for field of spin s = (n + 1)/2 are written

Vo (MlAz...An =0, d)AAlAz...An = ¢(AA1A2...An) (1)

As is well known, these equations are consistent for s = /2 and s = 1in
a general curved space-time, while for higher spin values they must satisfy
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consistency algebraic conditions. Indeed, by applying the covariant spinorial
operator VA to Egs. (1) one concludes (Buchdahl, 1958, 1962; Plebanski,
1965; Penrose and Rindler, 1984) that the field must satisfy, forn = 1 (s =
3/2), the n conditions

(n - 1)¢AA1M(A2A3...A|—|71\I}QA;)1M = (2)

W ascp 1S the conformal Weyl spinor. Therefore in a genera space-time the
n + 2 independent components of the field are, in principle, drastically
reduced to two by the constraints (2). On the other hand, Egs. (2) are automati-
caly satisfied for conformally Minkoskian space-times or for dbaa,a,. A, the
Weyl spinor Wagcp. A discussion of intermediate situations according to the
Petrov-type classification of the Weyl spinor can befoundin Bell and Szekeres
(1972) and references therein. The existence of the constraints (2) has, how-
ever, some advantages. In many cases they imply that some of the spinor
field components have to be chosen to be zero. After all, thisisasimplification
of Eg. (1), whose solution could be otherwise very difficult to obtain in
general.

In the following we study Eq. (1) in the Robertson—-Walker (RW) and
Lemaitre—Tolman—Bondi (LTB) space-times. The solution of that equation
in the RW space-time, which is well known to be a conformally flat space-
time (see, e.g., Penrose and Rindler, 1984), has aready been obtained. The
result was performed by generalizing the explicit solution of the case s = 2
(Zecca, 1996). As will be done in the next section, it is, however, of some
interest to calculate one of the curvature spinors, in the RW space-time, that
leads in a straighforward way to the vanishing of the Weyl spinor.

Equations (1) and (2) are then studied in the LTB space-time that is
known to be of Petrov type D (Krasifiski, 1997, and references therein) [for
the LTB cosmological model see also Zecca (1993)]. By the use of a suitable
null tetrad frame the general form of the Weyl spinor is determined. Some
examples of LTB space-time with vanishing Weyl spinor are briefly discussed.
Then Egs. (1) and (2) are studied explicitly for s = 3/2, s = 2. In both cases
it is possible to separate the angular part of the solution, which can easily
be integrated. Knowledge of the r, t dependence of the field solution is
reduced to the study of differential equations not separated, in genera, in
ther, t dependence. Even if these equations can be reduced to a simple form,
their solution requires the explicit form of the metric coefficient.

By following considerations of a previous paper (Zecca, 1996), the
results relative to the solution of the massless free field equations can be
generalized, by induction, to arbitrary spin values. This because the structure
of the Weyl spinor together with the constraints (2) implies that only two or
three independent components of the field are nonzero according to whether
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the spin is half-integer or integer. In turn this implies that the equations of
the general case can be integrated as for s = 3/2 or s = 2.

2. ROBERTSON-WALKER SPACE-TIME

Evenif thegeometry of the RW space-time model iswell known (Penrose
and Rindler, 1984; Krasinski, 1997), it is of some interest to show the
vanishing of the Wey! spinor by a direct computation. To that end, associated
to the metric

dr?
1— ar?

ds? = dt? — RZ(t)[ + r2(de? + sin? d&)], a=0,*1

3)

we consider the null tetrad frame used in Zecca (1996), whose corresponding
o-matrices have the form

. _1(1 0 o (@—ay2(1 0
I =5 0 1) g T TR 0 -1
1/0 1 i 0 1
0 , = — ¢ ) = —
IM TR (1 0)’ I T rRsn g (—1 0) “)
The Weyl spinor W gcp defined by the gravitational spinor Xagcp
Wagcep -= Xascp) = Xa@ep) 5)

can then be expressed by the o-matrices since

1
e a_ _bX .c _dY
Xpgep - = Z OaAxOB OCyOD cd (6)

Raned IS the Riemann curvature tensor and the identifications x° = t, xt = r,
x2 =0, x3 = ¢ hold. By applying tabulated results for spherically symmetric
space-times, one immediatly gets from the metric (3) (Cahill and McVittie,
1970) the independent nonzero component of the Riemann tensor (R = dR/ot)

R2323 = _r4R2(a + RZ) Sil’l29

Ra1a1 r2R2 :
= = — _I_
1212 = G20 1—ar? (a+ R
RR

Rio10 = 7
1010 = 7 (7

— ar2
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R3030

= = r2 » = -+
2020 = 29 r“RR, a=0 =1

By using the expressions (4) and (7), one can then calculate the curvature
spinor Xagcp in (6). To that end it is useful to tabulate expressions of the
form oo BX. After this operation and some algebraic computations one
finaly gets

a+ R+ RR [rzqe

1
_ 0 to ot
Xagcp = 4 ABO CD Ez OaBOCD

T—a?® AR rco] 8

By defining as usual
bh=dbaapy.. A AT A +A ... +A =h
h=012...,n+1 ©))
from (8) and from Wagcp = Xagcp), it is then easy to show that
Vo=V, =V, =V3=V,=0 (10)

The RW space-time is not only locally conformal to Minkowski space, as
implied by Eg. (10), but it can be shown that it is also conformally flat
(Penrose and Rindler, 1984). The constraints (2) have no effect and Eq. (1)
have to be integrated in their generality. This has been already donein Zecca
(1996), where the equations have been separated for arbitrary spin value by
applying the usual separation method. All the separated equations have been
integrated in general, except the radial equations relative to the open and
closed space-time case.

3. LTB SPACE-TIME: THE WEYL SPINOR
We consider now the general LTB space-time of metric
ds?> = dt? — €' dr? — Y%(de? + sin?0 d¢?) (11

whereI' = T'(r, t), Y = Y(r, t) > 0. The situation is of interest because the
metric coefficients do not have a factorized dependence of the coordinate
variables. By using again the tabulated form for spherically symmetric space-
time (Cahill and McVittie, 1970), we find that the independent nonzero
components of the Riemann tensor take the values (Y’ = 9Y/dr)
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Ros = —Y2sim8(1 + Y2 — Y'% )

Raiz ry Yr
Rop = ——= =YY —— — — ¢
12127 gn2g 2 2

R1330 { F
Rizgo = mao = —YY' + YY'
1220 Snze 2

B0
Rio10 = er<§ + Z) (12

_ R3030 _
2020 _Si n20
To determine Vagcp, and in view of further considerations, we choose the
null tetrad frame (Zecca, 1993)

E%(leFOO)

n'E%(l —e 10,0
=i001 13
Y2 sme (13
*i — 1

m =

Yf(o 0.1 S|ri19>

to which there correspond the o-matrices

. _1(1 0 L Lol 0
TwTolo 1) ™ T2% o 1

10 1 [ 0 1
O-%A, = — O-KA' = —_——
2y\1 0/ 2Ysne\—-1 O

By proceeding as in the previous section, one gets after some calculations

(14)

1 - : Y2 (I 1?2
Xagcp = 0As0eD {Z(1+Y2 Y%l +— 7 <2+ 4)}

oy Y'r) Y}

+ ohgobp e Y - —/— - —¢€
a4 2
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gy 1 ry Y
"f— r r - = Y” - 1
“AB"CD{ ay 4Y( 2 2 é)} (15)

(hereY = aY/at, Y’ = 9Y/ar). By performing then the symmetrization Xa@cD)s
one arrives a

\POZ\I,]_:\P3:\II4:0

1[1+Y2-Y%T T Iy’ yr I, ry
=+ ¥V - ———€ |+ +=—¢
V2 24{ Y2 Y <Y 2 2 er> 2 4 Y}

(16)

The result can be checked in two limiting situations. By choosing exp(I') =
R2(t)/(1 — ar?), Y = rR(t) (the RW case) in Eq. (15) one obtains exactly the
expression (8) for the spinor Xagcp. On the other hand, let us consider the
special case represented by the LTB cosmological model. For this model
(which represents a spherically symmetric solution of the Einstein equation
for a universe filled with dust matter), the I and Y functions are no longer
independent, but are such that

Y'?
1+ 2E
YY2 = —m(r)
Y2 m(r)
—_ X _E 17

m(r) = 4’1TGJ nY2Y’ dr
0
where E = E(r) is an arbitrary function of r and m = n(r, t) represents the

density of the dust matter (see, e.g., Krazihski, 1997, and references therein).
When Egs. (17) are put into Eq. (16), one gets

1 4
¥, = —Z[—%+§we~q] (18)

which isthe expression obtained in Zecca (1993), apart from the —1/4 factor,
which depends on the definition of the Weyl spinor used here (Penrose and
Rindler, 1984) and there (Chandrasekhar, 1983).

It is worth noticing that the spinor component ¥, in Eq. (16) depends
in genera on thetwo arbitrary functionsI', Y. Also, by requiring the condition
¥, = 0 (the space-time is then, at least locally, conforma to Minkowski
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space), the metric still depends on an arbitrary function. For example, consider
the following cases:

(i) Suppose the metric coefficients have an RW-like form Y = R(t) f(r),
el = R(t)g(r) with Rafunction of t, and f and g functions of r. By considering
Eg. (16) with these assumptions, the equation ¥, = 0 implies

12 " ’ ’
1_1'(]‘__]‘_)_1'9_&:0 (19)

and R(t) remains arbitrary. By choosing, e.g., f = r, or f = exp(-r), the
expressonsg = 1 — ar?and g = [B + exp(=2r)] ! (B is an integration
constant) are then, respectively, solutions of Eq. (19).
(ii) Consider now the static case I' = I'(r), Y = Y(r) in Eq. (16). Then
¥, = 0 implies, with Z = — exp(—T'), the Bernoulli eguation
Y v z?

- Z “rZZ(?—V): —ZW (20

ovz(ry \*!
Z= —(74[ Y—,3dr>

If, for instance, Y =r,thenZ = —1,T = 0.

whose solution is

4. LTB SPACE-TIME: THE s = 3/2 EQUATION

Equation (1) can be made explicit, in the Newman—Penrose formalism,
by expanding in terms of the spin coefficientsand of the directional derivatives
D = Ii 8i = aoof, A= ni 8i = 811', o = m' ai = 810', o* = m*iai =9 o1 In
caseof s= 3/2 oneobtains, in ageneral space-time, theindependent equations

(D—3p—€d; — (3* — 3a + M)y + 2xdp, =0
(D+e—20)b, — (8* — a + 2m)py + kb3 + Apg =0
D—-—p+3)p3— * + a+ 3w, + 2Ap, =0

(21)
(A+p—=3v)bo— (68— 31— B)p1 — 204, = 0
A+ 20 = v)b1 — (8 — 21 + B)d2 — 0d3 — vdo = 0
(A +3p + y)by = (d — 7+ 3B)dps — 2vh; =0
The constraints (2) become for s = 3/2
bWz — 31V, + 3 Wy — bW =0 22)

bWy — 3b V3 + 3b,¥, — sV =0
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By considering the Weyl spinor in (16), the field solutions are therefore
subject to the restrictions

b1 =d2=0 (23)

In case of the LTB space-time, where the nonzero spin coefficients relative
to the null tetrad (13) are (Zecca, 1993)

1 .
=——=(Y+Yel?
p Y\/E( )
1 .
W — (Y _ Yre—F/Z)
Y2 (29)
1
= —a =—=-coto
N
U
Y 4\/5
the field equations (21) reduce to the system of differential eguations
(8* — Ba)dpo =0
A+p—3 =0
( M Y)bo (25)
(® — 3w)bs =0

(D+3—p)p3=0

By the structure of the directional derivatives and of the spin coefficients the
angular part can be separated and integrated, for both &g and ¢, in the
solution of Egs. (25). The separated equations in the r, t variables can be
rearranged so that one finally obtains

bo = €™(sin 0)~%(tan 0/2) Mdq(r, 1)

. (26)
b3 = e "(sin 0) 2(tan 8/2) "b4(r, t)
wherem, n = 0, =1, £2, ..., and dg(r, t) and bs(r, t) are solutions of
the equations
3 -
Aflog(Ydo)] = ——7=T
4/2 (27

DlIog(Yes)] = —%5 i

which could be solved, in principle, by giving the functions I', Y. It must be
remarked that the solutions are not regular for 6 = 0.
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5. LTB SPACE-TIME: THE s = 2 EQUATION

The independent massless spin-2 equations obtained by making Eq. (1)
explicit as in the previous case are (Bell and Szekeres, 1972; Zecca, 1996)

(D — 2 —4p)py — (" + 7 — da)dpg + 3kd, =0
(D — 3p)d, — (8* + 2w — 2a)dy + 2xd3 + Ay = 0
(D — 2e — 2p)d3 — (8* + 3m)ds + ks + 2\b, = 0

(D + 4e — p)bs — (3* + 4w + 2a)p3 + b, = 0

(28)
(A + = 4y)bo — (0 — 4t — 2B)dp1 — 30d, =0
(A+ 20 = 2y)dy — (3 = 31)dp2 — 203 — vdo = 0
(A + 3w, — B+ 28 — 21)db3 — 2vd; — by = 0
A+ +29)bs— B+ 4B —1)ds + 3vd, =0
The constraints (2) for s = 2 become
boWs3 — 31V, + 3 Wy — bW =0
bWy — 3bWs + 3dsW, — ¥ =0 (29)
doWs — 20,3 + 33V — GV = 0
and together with (16) imply
b1=¢,=0 (30)

By considering the spin coefficients (24) and the constraints (30) in Egs.
(29), we reduce the field eguations to be solved to

(8 — 4a)bo = (A + p — 4y)dpo = 0
oy = 8", =0

(D — 3p)dp2 = (A — 3u)d, =0
(D—=p—4e)bs= (8 +4B)ds=0

From the second row in Egs. (31) one has that &, is independent of 6, ¢, &,
= ¢, (r, t), so that the two remaining equations for ¢, can be simultaneously
integrated to give

(31)

by = dofr, t) = AY3 (32)

A is an integration constant. With regard to the equation relative to &g, ¢4,
by considering the expressions of the spin coefficients and of the directional
derivatives, one has that the angular part factors out and can be easily
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integrated as in the s = 3/2 case. The radial equations can be recast into a
simpler form so that the solutions are

do = €™(sin 0)¥2(tan 0/2) Mdy(r, 1)
bs = €7M(sin 0)~F2(tan 0/2) "d(r, 1)
mn=0,%1,+2,...,and ¢y(r, t) and d4(r, t) are determined by the equations

(33)

I
Allog(Yg)] = — =
V2 (34)

DlIog(Y)] = —%

Also here the solutions are not regular for 6 = 0.

6. LTB SPACE-TIME: GENERALIZATIONS

The previous conclusions can be extended to the general case of arbitrary
spin. The system of coupled differential equations obtained by developing
Egs. (1) in terms of the directional derivatives and of the spin coefficients
seems to be very difficult to solve in a general curved space-time. However,
owing to the particular structure of the spin coefficients (24) oneimmediately
realizes that the considerations developed for the RW space-time in Zecca
(1996) apply aso to the LTB case. Therefore Egs. (1), when expanded in
the LTB case, become a system of coupled equations each of which involves
only two components &y, ¢n1 Of the field. [This is evident in Egs. (21),
(28) by using the fact that in LTB space-timexk =N =wm=1=0c=v =
0, and the property follows by induction in the general case (Zecca, 1996).]
On the other hand, when the constraints (2) are taken into consideration
together with the form (16) of the Weyl spinor, one must aso require ¢y, =
0 for a suitable set of values of h depending on n. More precisely, it is not
difficult to show that Egs. (2) and (16) imply the following possihilities:

1. sisinteger; then ¢, = Ofor h # 0, (n + 1)/2, n + 1.

2. sis half-integer; then ¢, = Ofor h # 0, n + 1.

Therefore the solution of the massless free field equations for arbitrary
spin in the LTB space-time reduce to the determination of the two or three
nonzero independent components of the field according to whether the value
of the spin is half-integer or integer. This can be performed in the same
fashion as was previously done for s = 3/2 and s = 2, respectively.
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